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SUMMARY 
The app l i ca t ion  of t he  power cepstrum t o  measured he l i cop te r - ro to r  acous t i c  d a t a  
i s  inves t iga t ed .  A previously appl ied  co r rec t ion  to  the recons t ruc ted  spectrum, 
which r equ i r e s  p r i o r  knowledge of the  echo amplitude o r  path length,  is shown t o  be 
i n c o r r e c t .  For an exac t  echoed s i g n a l ,  the  amplitude of t he  cepstrum echo sp ike  a t  
the  echo delay t i m e  i s  l i n e a r l y  r e l a t e d  t o  the  r e l a t i v e  amplitude of the echo i n  t h e  
t i m e  domain. It  is shown t h a t  i f  the  measured spectrum is  not  e n t i r e l y  from the  
source s i g n a l ,  t he  cepstrum w i l l  no t  y i e l d  the des i red  echo c h a r a c t e r i s t i c s  and 
c e p s t r a l  a l i a s i n g  may occur because of t he  e f f e c t i v e  sample r a t e  i n  the  frequency 
domain. In  add i t ion ,  the s p e c t r a l  ana lys i s  bandwidth must be less than one-half the 
echo r i p p l e  frequency or c e p s t r a l  a l i a s i n g  can occur. The p o w e r  cepstrum e d i t i n g  
technique is a use fu l  t o o l  f o r  removing some of the contamination because of acous t i c  
r e f l e c t i o n s  from measured r o t o r  acous t i c  spec t ra .  Although the  cepstrum e d i t i n g  
y i e l d s  an improved estimate o f  t he  f r e e - f i e l d  spectrum, the co r rec t ion  process i s  
l imi t ed  by the  lack  of accura te  knowledge of the echo t r a n s f e r  func t ion .  An a l t e r -  
nate  procedure is proposed which allows the complete co r rec t ion  of a contaminated 
spectrum through the  use of both the  t r a n s f e r  funct ion of t he  echo process  and the 
echo de lay  t i m e ,  bu t  which does not  requi re  e d i t i n g  i n  the  c e p s t r a l  domain. 
1. INTRODUCTION 
The concept of the  cepstrum w a s  f i r s t  reported by Bogert, Healy, and Tukey 
( r e f .  1 ) as a technique f o r  d e t e c t i n g  echoed s igna l s  i n  measured t i m e  s e r i e s .  Two 
genera l  c e p s t r a l  techniques have been used, the power cepstrum and the  complex cep- 
strum. The p o w e r  cepstrum is def ined as the inverse Fourier  transform of the n a t u r a l  
logarithm of the  power spectrum of the  s i g n a l .  The complex cepstrum is def ined a s  
the  inve r se  Four ie r  transform of the  complex logarithm of the  Fourier  transform of 
the  s i g n a l .  Both techniques make use of the  convolution proper ty  of the  Four ie r  
transform, t h a t  a convolution i n  the  t i m e  domain can be transformed t o  a product i n  
the  frequency domain. Both techniques a l s o  take advantage of a property of the loga- 
r i thm funct ion ,  t h a t  the  logari thm of a product of two terms is equal t o  the  sum of 
the logarithms of each term alone.  One can consider a d i r e c t l y  received s i g n a l  and 
i t s  echo as a s i g n a l  convoluted with i t s e l f .  The p o w e r  spectrum of t h i s  t i m e  s e r i e s  
is the  product of the  s p e c t r a  of the  d i r e c t  s igna l  and i t s  echo. Taking the  n a t u r a l  
logarithm of the  spectrum then sepa ra t e s  the  product i n t o  the  sum of two n a t u r a l  log- 
ar i thm spec t r a ,  t h a t  of the  d i r e c t  s i g n a l  and t h a t  represent ing  the echo convolution. 
The unique c h a r a c t e r i s t i c s  of t he  ind iv idua l  ceps t ra  of the  d i r e c t  s i g n a l  and t h a t  of 
the  echoes can allow e d i t i n g  of t he  echo cont r ibu t ions  i n  the  t o t a l  cepstrum. Ide- 
a l l y ,  i f  t he  echo cepstrum can be removed, a t ransformation back t o  the  frequency 
domain ob ta ins  the  spectrum of the  o r i g i n a l  d i r e c t  s igna l .  
Although the  p o w e r  cepstrum technique allows the  r econs t ruc t ion  of an uncontami- 
nated power spectrum, it does not  maintain phase information,  so tha t  the o r i g i n a l  
uncontaminated t i m e  series may not  be reconstructed.  To ob ta in  the  o r i g i n a l  t i m e  
series, the complex cepstrum must be used. Th i s  technique is complicated by the  use 
of the  complex logarithm. Since the  complex logarithm is a multivalued func t ion ,  
problems of phase d i s c o n t i n u i t i e s  arise and the phase func t ion  must  be "unwrapped" 
before  the c a l c u l a t i o n s  can  proceed. 
Over the l a s t  20 years ,  the p o w e r  cepstrum and complex cepstrum techniques have 
been applied t o  a wide v a r i e t y  of problems: seismic d a t a  ( r e f .  2 ) ,  underwater s i g -  
n a l s  ( r e f .  3 ) ,  voice a n a l y s i s  ( r e f s .  4 and 5 ) ,  b r a i n  wave s i g n a l s  (e lectroencephalo-  
graph (EEG) and v i s u a l  evoked responses (VER) ( r e f s .  6 t o  8 ) ) ,  gearbox f a u l t  a n a l y s i s  
( r e f .  g ) ,  j e t  noise  measurements ( r e f s .  10 t o  131, hydrophone c a l i b r a t i o n  ( re f .  141, 
r e f l e c t o r  t r a n s f e r  funct ions and r e f l e c t i o n  c o e f f i c i e n t s  ( r e f .  1 5 ) ,  and i n t e r n a l -  
combustion-engine exhaust noise  ( r e f .  16). References 17 and 1 8  g ive  e x c e l l e n t  
reviews and b ib l iog raph ies  of the previous a p p l i c a t i o n s  of t he  power and complex 
c e p s t r a  i n  addi t ion t o  good reviews of the t h e o r e t i c a l  and practical  cons ide ra t ions  
f o r  each method. 
The object ive of t h i s  work is t o  i n v e s t i g a t e  the  a p p l i c a t i o n  of t he  p o w e r  cep- 
strum technique to  the a n a l y s i s  of model-scale he l i cop te r - ro to r  no i se  spec t r a .  
Model-scale wind tunnel  tests designed t o  s tudy the a c o u s t i c  r a d i a t i o n  of h e l i c o p t e r  
r o t o r s  have been underway over the  past two decades. Because of t he  r e l a t i v e l y  l a r g e  
s i z e  of model-scale r o t o r s  (e.g., a 1/5-scale r o t o r  t y p i c a l l y  has a 3-m d iame te r ) ,  a 
wind tunnel t e s t  must be conducted i n  a f a i r l y  l a r g e  tes t  chamber. I n  o rde r  t o  ac- 
q u i r e  high-quality acoustic measurements, t he  tests should i d e a l l y  be performed i n  an 
anechoic f a c i l i t y ,  one i n  which the test  chamber is t r e a t e d  t o  minimize a c o u s t i c  re- 
f l e c t i o n s  which would contaminate the  d e s i r e d  measurements. Unfortunately,  there are 
few large- tes t -sect ion wind tunnels  i n  ex i s t ence  which are both anechoic and s u i t a b l e  
f o r  model ro to r  t e s t i n g .  For t h i s  reason, model tests are o f t e n  performed i n  tunnels  
which have less than i d e a l  acous t i c  q u a l i t i e s ,  and thus the measured d a t a  are contam- 
ina t ed  t o  some degree with acous t i c  r e f l e c t i o n s .  I n  add i t ion ,  a c o u s t i c  measurements 
are o f t e n  made outdoors a t  a i r p o r t s  and h e l i p o r t s ,  and are thus e a s i l y  contaminated 
with r e f l e c t i o n s .  The power cepstrum technique has been s u c c e s s f u l l y  appl ied by t w o  
independent researchers  to  j e t  noise  s p e c t r a  which were contaminated with ground 
plane r e f l e c t i o n s  ( r e f s .  10 to  1 3 ) .  Although the  technique w a s  success fu l ,  t h i s  
paper r epor t s  a minor e r r o r  i n  the  analyses  employed i n  these  previous e f f o r t s  
( r e f s .  10 and 1 2 ) .  However, the c h a r a c t e r i s t i c s  of j e t  noise  and r o t o r  noise  are 
q u i t e  d i f f e r e n t ,  as the re  is a s t rong  low-frequency t o n a l  content  i n  the  rotor s i g n a l  
whereas j e t  noise  is considered more broadband or random i n  nature .  
A j o i n t  experiment w a s  performed i n  1983 i n  the  Langley 4- by 7-Meter Tunnel by 
NASA, U.S. Army, and Sikorsky A i r c r a f t  Company personnel ( r e f s .  19 and 20). This 
experiment was the  f i r s t  phase of a three-phase program t o  i n v e s t i g a t e  the interac-  
t i o n  noise  of main r o t o r s  and tail r o t o r s .  During the f i r s t  phase, t he  noise  of a 
main r o t o r  alone w a s  s tudied.  The Langley 4- by 7-Meter Tunnel w a s  no t  designed t o  
be an anechoic t e s t  f a c i l i t y ,  and although measures have been taken t o  improve i ts  
c h a r a c t e r i s t i c s ,  t he  acous t i c  da t a  acquired contain contamination from the test  cham- 
ber f l o o r  and w a l l s .  The a c o u s t i c  qua l i t i e s  of t he  tunnel  environment are addressed 
i n  references 20 and 21. The motivation f o r  the research presented he re in  w a s  t o  
develop and v a l i d a t e  a d a t a  reduct ion technique which could improve the  accuracy of 
t h e  measured acoustic d a t a  by removing the  undesired r e f l e c t i o n s .  
2.  THE POWER CEPSTRUM 
Theory 
One i d e a l  r e f l ec t ion . -  Recall the d e f i n i t i o n  of the forward Fourier  transform of 
a general  t i m e  funct ion x( t) is 
2 
J -- 
and the inve r se  Fourier transform of X ( f )  i s  
To be an exac t  Fourier  transform pair, the i n t e g r a t i o n  l i m i t s  of equations (1 )  and 
( 2 )  are i n f i n i t e .  When dea l ing  with a f i n i t e  amount of d i s c r e t e  da t a ,  however, t he  
t i m e  i n t e g r a t i o n  must be performed over the period T and the  frequency i n t e g r a l  i s  
v a l i d  only to  t h e  Nyquist frequency fN. 
The model of an a c o u s t i c  s i g n a l  g ( t )  w i t h  one i d e a l  r e f l e c t i o n  is  
where a is a cons t an t  and 0 < a < 1.0. As discussed i n  s e c t i o n  5, the only con- 
s t r a i n t  on the na tu re  of g ( t )  is  tha t  it have a continuous spectrum i n  the  f r e -  
quency range of i n t e r e s t .  The Fourier transform of equation ( 3 )  i s  
g ( t )  e -i2nft d t  + a/_:.(. - te) e - i 2 n f t  d t  
1 Using the s u b s t i t u t i o n s  0 = t and 8 = t - te i n  each i n t e g r a l  and the d e f i n i t i o n  
J -- 
w e  f i n d  that 
I 
e ) G ( f )  
- i 2 n f t  
x ( f )  = ( 1 + a e (5) 
The p o w e r  spectrum of x ( t )  may be def ined as 
3 
c o s ( 2 n f t e )  (1  + a2)  ( G ( f ) 1 2  1 
N o t e  t h a t  i n  t h e  absence of a r e f l e c t i o n  (i .e. ,  for  a = 01, 
Thus, the terms of t he  f i r s t  t w o  brackets of equat ion  (6) are due to  the presence of 
t he  r e f l e c t i o n  (i.e.,  t he  echo) .  The cos ine  term causes  t h e  c h a r a c t e r i s t i c  r ipple 
seen  i n  the power spectra of d a t a  conta in ing  a r e f l e c t i o n .  To decouple t h e  terms of 
equat ion ( 6 )  , the n a t u r a l  logari thm is used: 
I X ( f ) I 2  = I G ( f ) l 2 .  
To f u r t h e r  decouple equat ion (71, t h e  p o w e r  series expansion of the n a t u r a l  logari thm 
2 1  1 5  
3 4 5 l x  + - x 3 - L 4 + - x  +... l n ( 1  + x )  = x - - 2 
which is va l id  for 
for  0 < a < 1.0, 
1x1 < 1,  is  applied to  the  f i r s t  t e r m  of equat ion ( 7 )  because, 
cos(21Tfte) < 1 I 2a I 1  + a 2  
Fur ther  s impl i f i ca t ion  of t h e  series expansion is  obtained by l e t t i n g  
2a 
1 + a  
$ = -  
2 
Thus, equation ( 7 )  is  w r i t t e n  as 
(8) 1 - - $2 cos (2lTft ) + - $3 cos (21Tfte) + ... 1 2 1 3 2 e 3 
4 
The p o w e r  cepstrum is def ined  as the inverse  f i n i t e  Fourier  t ransform of the 
n a t u r a l  logari thm of the power spectrum: 
N o t e  the s i m i l a r i t y  to  the au tocor re l a t ion  funct ion 
Through s u b s t i t u t i o n  of equat ion (8)  i n t o  equat ion ( 9 )  and use of i d e n t i t i e s  r e l a t i n g  
(cos 8 1 t o  cos (ne  1 , t he  power cepstrum is found to  be 
df 2 i 2 n f ~  c ( T I  =I_:. In[ l G ( f ) I 2 ]  e i 2 n f f  df +I:" l n ( 1  + a ) e 
P 
N N 
df i 2 n f ~  1 2 f N 1  i 2 n f r  -[ 1 + cos (4a f t e )  1 e I, df - - @  2 c o s ( 2 n f t  ) e e N 
A l e n g t h i e r  expansion of this equat ion,  to  the t e n t h  p o w e r  of 
s en ted  i n  appendix A for completeness and c l a r i t y .  H e r e ,  the f i r s t  term 1s simply 
equal  t o  
i n t e g r a t i o n  o f  t h e  remaining terms, note  tha t  each can be reduced to  the i n t e g r a l  of 
cos(2nnf te )  (where n = 0, 1 ,  2, ... ) and recall  t h a t  
4 c o s ( 2 n f t e ) ,  is pre- 
To perform the Cw(?  1, t h e  power cepstrum of the  direct  s i g n a l  g (  t )  . 
s i n [  (rite - T I ~ I T ~ ~ ]  s i n [  (rite + r )2n fN]  
+ 
N (nt ,  + ~ ) 2 n f  N (nt ,  - T 12nf 
i2nf.r cos (n2nf t  1 e df = fN  e 
N 
( n  = 0 ,  1 ,  2, ...I 
It is  i n t e r e s t i n g  t o  note  t h a t  i f  the  i n t e g r a t i o n  could be performed over  i n f i n i t e  
l i m i t s ,  the ( s i n  x)/x func t ions  would become del ta  func t ions .  
5 
Now equation (10)  may be s i m p l i f i e d  to  
00 s i n [ ( n t  e - r ) 2 n f N ]  s i n [ ( n t  e + ~ ) 2 r f ~ ]  
+ 
N (rite + ~ ) 2 n f  n= 1 N 
( 1 1  1 
The second term represents  a peak a t  T = 0, and the  t h i r d  t e r m  r ep resen t s  an i n f i -  
n i t e  series of peaks ( c a l l e d  "rahmonics"; analogous t o  harmonics of a frequency) a t  
mul t ip l e s  of the echo delay t i m e  te with amplitudes ( fNan)  which are r e l a t e d  to  t h e  
r a t i o  a. 
The t y p i c a l  shape of the p o w e r  cepstrum of the  d i r e c t  wave (C (T) f o r  a gen- 
era1 random s i g n a l )  i s  shown i n  f i g u r e  1 .  It is s imilar  i n  shape t o  the  autocorre-  
l a t i o n  of a random s i g n a l ,  as w e  would expect s i n c e  the cepstrum would be i d e n t i c a l  
t o  the  au tocor re l a t ion  i f  the n a t u r a l  logarithm w e r e  no t  used. The presence of 
r e f l e c t i o n s  i n  the  s i g n a l  causes the series of spikes  ( t h e  ( s i n  x ) / x  series) i n  
the  cepstrum. To remove the r e f l e c t i o n s ,  one can remove the spikes  a t  frit, 
( n  = 1 ,  2 ,  3, . . . I  by i n t e r p o l a t i n g  new values based on the  ad jacen t  values.  
P9 
It can be shown t h a t  t he  c o e f f i c i e n t  l n ( 1  + a2) - a. of the second t e r m  i n  
equat ion ( 1 1 )  ( t h e  spike a t  T = 0)  is i d e n t i c a l l y  zero.  (See appendix A.)  Thus, 
the only con t r ibu t ion  a t  T = 0 is  from C p g ( ~ ) .  I t  should be noted t h a t  Syed e t  al .  
( r e f .  10)  used a d i f f e r e n t  series expansion f o r  
series t o  only the fou r th  power. H e  found t h a t  t he  spike a t  T = 0 w a s  mu l t ip l i ed  
by 
removed. However, s ince  t h e r e  is a l a rge  con t r ibu t ion  a t  T = 0 from C ( T I ,  it is 
P9 d i f f i c u l t  t o  e d i t  the cepstrum a t  t h a t  l oca t ion .  Thus, he concluded t h a t  one should 
no t  e d i t  t he  cepstrum a t  T = 0; r a t h e r ,  one should e d i t  only the spikes  a t  
T = fnt,, and when the cepstrum is transformed back t o  a power spectrum, the  addi- 
t i o n a l  T = 0 t e r m  because of t he  echo becomes a cons t an t  amplitude c o r r e c t i o n  t o  be 
appl ied t o  the reconstructed spectrum. This c o r r e c t i o n  would r e q u i r e  knowledge of 
a. However, s ince t h i s  term is  a c t u a l l y  zero,  no amplitude c o r r e c t i o n  is required.  
l n ( 1  + a2)  and approximated t h e  
and t h a t  t h i s  a d d i t i o n a l  t e r m  should be l n ( 1  + a2) - 4.35[($2/4) + (3$4/32)] 
In  add i t ion ,  work reported by Miles, Stevens, and Leininger ( r e f .  1 2 )  concludes 
t h a t  e d i t i n g  of the cepstrum spikes  r e s u l t s  i n  "a spectrum due to  i n t e n s i t y  a d d i t i o n  
only of t he  d i r e c t  and r e f l e c t e d  s ignals ."  They a l s o  found t h a t  the c o e f f i c i e n t  of 
2 t h e  T = 0 spike i s  r e l a t e d  to  l n ( 1  + a ) and t h a t  knowledge of a would allow a 
c o r r e c t i o n  t o  ob ta in  the f r e e - f i e l d  spectrum. This a l s o  is an i n c o r r e c t  conclusion. 
Since the second t e r m  i n  equation ( 1 1 )  is a c t u a l l y  mul t ip l i ed  by zero,  t he  
a c t u a l  cepstrum i s  
} (12) s i n [  (nt ,  - ~ ) 2 n f ~ ]  s i n [  (n t ,  + .r)2nfN] (nt, + r )2n f  + 
N 
C (T) = C (T) + f 
N n=l P w 
6 
A f t e r  t h e  frit, s p i k e s  are removed from the  cepstrum, t h e  new e d i t e d  cepstrum 
c;(T) is  
To f i n d  t h e  f r e e - f i e l d  power spectrum, a Fourier transform is  again performed 
and the exponen t i a l  func t ion  is used 
This  r e s u l t s  i n  r econs t ruc t ion  of t he  f r ee - f i e ld  power spectrum of the o r i g i n a l  s ig -  
n a l  and does n o t  r e q u i r e  any amplitude co r rec t ions  or p r i o r  knowledge of the  echo 
amplitude. 
Though the  cepstrum sp ikes  y i e l d  information on t h e  de l ay  t i m e  of echoes, they 
may also be used t o  estimate the  r e l a t i v e  amplitudes of the  echoes. 
of equat ion ( l o ) ,  it can be shown t h a t  the c o e f f i c i e n t , o f  the first echo sp ike  of the  
cepstrum (i .e. ,  t he  c o e f f i c i e n t  of the 
where 
Through the use  
cos(21rf . r~)  e12afT df  terms) is  f N a , ,  
1 3  3 1 1 0  5 1 3 5  7 1 1 2 6  9 +  a = # + - - $  + - - ( I  + - - 4  + - -  1 3 4  5 16 7 64 9 256 ' * * '  
w i t h  
2a 
l + a  # =  2 
I t  can be shown t h a t  
and the series can be 
( 1 4 )  
h i s  is a conv rgen t  series f o r  0 < a < 1 .O 
r e w r i t t e n  as follows: 
(see appendix B), 
I 
1 If the  value of C p g ( T )  
1 spike occurs.  i .e.,  T = 
s small  a t  te ( t h e  value of T for which the  f i r s t  echo 
te), then the  amplitude a t  te should be e s s e n t i a l l y  2fNa. 
T) t y p i c a l l y  decreases very qu ick ly  with inc reas ing  T, so 
7 
o f t e n  t h i s  amplitude i s  va l id .  Thus, given the  cepstrum of a s i g n a l ,  t he  amplitude 
of the  f i r s t  echo sp ike  may be used to  f i n d  t h e  value of the  r e l a t i v e  amplitude of 
t h e  r e f l e c t i o n .  
Two i d e a l  r e f l ec t ions . -  The model of a n  a c o u s t i c  s i g n a l  with two i d e a l  r s f l e c -  
t i o n s  is 
Using the  same approach as f o r  t he  one-echo case  (refer t o  eq. (611, we may express  
t h e  power spectrum of x ( t )  as 
cos ( 2 nf t 1 2 6  c o s ( 2 a f t  1 + - - ~  
(1 + a2 + B 2 )  2 
2a 
1 
( 1  + a2 + B 2 )  
To decouple the terms of equat ion (171, t h e  logarithm i s  used and is  approximated by 
t he  power series expansion t o  the  t h i r d  power t o  produce 
- a2 cos (2nf2 t1 )  - B 2 cos(27rf2t2) + 2 a3 c o s ( 2 r f 3 t 1 )  
3 
+ 2aB2 c o s [ 2 n f ( t  + 2 t  ) ]  + 2a 2 B c o s [ 2 n f ( 2 t l  + t,)] 
1 2 
This  approximation is  only v a l i d  when 
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Performing the  inve r se  Fourier transform to  obtain t h e  p o w e r  cepstrum r e s u l t s  i n  
( 1 8 )  
The f a c t o r  1 + a2  + B 2  i n  equation ( 1 7 )  is cancel led by t h e  a. t e r m  from the 
p o w e r  series expansion of the logarithm, as is found f o r  the one-echo case (appen- 
d i x  A ) .  N o  a t tempt  has been made t o  deduce the e x a c t  converged values of the c o e f f i -  
c i e n t s  an, bnl cn, ... ( n  > 0) as is done fo r  a l  of t he  one-echo case. However, 
t h i s  power series approximation shows t h a t  
2 e = 2 a B  2 1 c * -2aB, dl SJ 2aB , and 
2 3  
b 3 y B  I 1 
For the two-echo case, the dominant echo spikes occur a t  t l ,  t2, 2 t l ,  2 t 2 ,  and 
tl + t2, and the  amplitudes a t  tl and t2 are the same as f o r  a one-echo case. N o  
sp ikes  occur a t  d i f f e r e n c e s  i n  delay times. The rahmonic spikes (those a t  sums of 
mul t ip l e s  of  tl and t2) are of lesser amplitude, s i n c e  they are mul t ip l i ed  by pow- 
ers of a and B and i n  p r a c t i c a l  cases a and B are less than uni ty .  Thus, i n  
analogy to  the  one-echo case, the cepstrum echo-spike amplitudes are l i n e a r l y  r e l a t e d  
t o  the a c t u a l  echo amplitudes. 
Nume r i  ca 1 Examples 
Direct s ignal . -  To i l l u s t r a t e  the r e s u l t s  of the preceding a n a l y s i s ,  a numerical 
s imula t ion  of a t r a n s i e n t  s i g n a l  w a s  performed. The sample t r a n s i e n t  s i g n a l  has the  
exponent ia l  form 
-k I t-tl 1 
x ( t )  = e (19)  
The t i m e  h i s t o r y ,  power spectrum, and power cepstrum are sho-WIl i n  f igu res  2 ( a )  to 
2 ( c ) .  The p o w e r  c e p s t r a  presented i n  t h i s  report  are normalized by t w i c e  the Nyquist 
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frequency ( 2 f N ) ,  so t h a t  t he  amplitude of the f i r s t  cepstrum sp ike  r ep resen t s  the 
r e l a t i v e  echo amplitude as shown by equation ( 1 5 ) .  In  a d d i t i o n ,  the f i r s t  few p o i n t s  
near T = o a r e  not p l o t t e d  t o  inc rease  the  p l o t  r e so lu t ion  f o r  t he  cepstrum a t  
l a r g e  values of T.  
One i d e a l  r e f l ec t ion . -  The sample s i g n a l  with one echo has the form 
-k I t-tl I - k ( t - t 2 \  
x ( t )  = e + a e  (20 )  
This s i g n a l  and i ts  p o w e r  spectrum f o r  a = 0.5 and te = 0.0018 sec are shown i n  
f i g u r e s  3 ( a )  and 3 ( b ) .  Note the large-amplitude r i p p l e  induced i n  the spectrum, and 
t h a t  the ove ra l l  l e v e l  is 1 dB higher than the  o r i g i n a l  s i g n a l  ( f i g .  2 ( b ) ) .  Fig- 
u r e  3 ( c )  shows the normalized cepstrum of the  s i g n a l  of equation ( 2 0 ) .  The qu ick ly  
decaying CPg(') f unc t ion  is shown near T = 0, and the  sp ikes  a t  mul t ip l e s  of t he  
echo delay t i m e  are c l e a r l y  shown. The amplitude of the  f i r s t  cepstrum spike of 
f i g u r e  3 ( c )  i s  0.50 (with the  neighboring cepstrum values nea r ly  z e r o ) ,  which i l l u s -  
trates the  equa l i ty  with the r e l a t i v e  echo amplitude of 0.50 proven by equat ion (15 ) .  
These spikes  are e a s i l y  removed by l i n e a r l y  i n t e r p o l a t i n g  new values based on adja- 
c e n t  cepstrum values.  I n  t h i s  case the e d i t i n g  procedure is f a i r l y  s t r a i g h t f o r w a r d ,  
s i n c e  the cepstrum l eve l s  are very s m a l l  f o r  T > 0.001 sec, and the d a t a  are 
numerically "clean . 'I  
The reconstructed p o w e r  spectrum is  shown i n  f i g u r e  3 ( d )  and is simply the expo- 
n e n t i a l  of the forward Fourier  transform of the  e d i t e d  cepstrum. This r econs t ruc t ion  
is  i d e n t i c a l  to  the  Fourier transform of the  i s o l a t e d  wavelet ( f i g .  2 ( b ) )  and it is 
clear t h a t  the previously used amplitude c o r r e c t i o n s  (refs. 10 and 1 2 )  need no t  be 
app l i ed  to  t h i s  r e s u l t .  The d i f f e r e n c e  between the  contaminated spectrum ( f i g .  3 ( b ) )  
and t h e  ed i t ed  spectrum ( f i g .  3 ( d ) )  is shown i n  f i g u r e  3 ( e ) ,  which c l e a r l y  shows t h e  
s i n u s o i d a l  nature of the echo contamination. 
Two i d e a l  r e f l ec t ions . -  TO demonstrate t he  a p p l i c a t i o n  of the technique t o  a 
s i g n a l  with two echoes, f i g u r e  4 ( a )  shows the same wavelet as shown i n  f i g u r e  2 ( a )  
with two echoes. Figures 4 ( b ) ,  4 ( c ) ,  and 4 ( d )  show the p o w e r  spectrum, p o w e r  cep- 
strum, and reconstructed " f r ee - f i e ld"  power spectrum of t h i s  s i g n a l .  As shown i n  
equation ( 1 8 ) ,  the e f f e c t  of mu l t ip l e  echoes i s  to  create cepstrum spikes  not  only a t  
mul t ip l e s  of the echo delay times b u t  a l s o  a t  sums of mul t ip l e s  of the echo de lay  
t i m e s .  This e f f e c t  is shown i n  f i g u r e  4 ( c ) .  The amplitudes of t he  cepstrum sp ikes  
a t  T = 0.0018 and 0.0068 sec c o r r e l a t e  w e l l  wi th  the  expected values of 
f a = f 2a and f b - f 28 found from equation (18) .  The amplitudes of t he  cep- 
strum sp ikes  a t  mu l t ip l e s  and sums of mul t ip l e s  of the two echo delay t i m e s  also 
c o r r e l a t e  w e l l  with the approximated values of t h e i r  c o e f f i c i e n t s .  ( R e c a l l  t h a t  t he  
cepstrum is  normalized by twice the Nyquist frequency. Again, Since t h i s  is a 
numerically "clean" example, e d i t i n g  of t h i s  s i g n a l  is  f a i r l y  s t r a igh t fo rward .  
Twenty-two of the h ighes t  l e v e l  sp ikes  i n  the  cepstrum of f i g u r e  4 ( c )  w e r e  e d i t e d  
out .  Figure 4(d)  shows the  r e s u l t i n g  e d i t e d  f r e e - f i e l d  power spectrum, a good 
r econs t ruc t ion  of the f r e e - f i e l d  spectrum ( f i g .  2 ( b ) ) .  
N 1  w N. 1 N 
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3. EFFECT OF ADDITIVE NOISE 
Theory 
An important case occurs when noise  is present i n  a d d i t i o n  t o  the direct  and 
r e f l e c t e d  s i g n a l s .  The model f o r  t h i s  is 
x ( t )  = g ( t )  + a g ( t  - te) + n ( t )  
The Fourier  transform is  
-i2nfte)G(f) + N ( f )  
The p o w e r  spectrum may be expressed as 
cos (2nf t e )  ( 1 = [I + --- 2a 2 
2rft e ] [Gr ( f  I N r  ( f  1 + Gi (f ) N i ( f )  ] 
- a s i n ( 2 r f t e ) [ G r ( f ) N i ( f )  - G i ( f ) N r ( f ) ] }  (21 1 
where Gr ,  N r ,  G$, and Ni are the real and imaginary p a r t s  of G ( f )  and N ( f ) .  
The f i r s t  term is i d e n t i c a l  t o  t h a t  of equation (61, and the l a s t  t h r e e  terms are due 
t o  the  noise.  I f  N ( f )  i s  s m a l l  compared with G ( f ) ,  the con t r ibu t ion  of the  no i se  
terms may be n e g l i g i b l e ,  b u t  if N ( f )  is large enough, t hese  terms w i l l  contaminate 
t h e  p o w e r  spectrum and t h e  p o w e r  cepstrum. The contamination c o n s i s t s  of the no i se  
power spectrum IN(f)  l 2  and the "c ross  terms" ( i .e . ,  G r ( f ) N r ( f ) ,  G i ( f ) N i ( f ) ,  
G , ( f ) N i ( f ) ,  and G i ( f ) N r ( f ) ) .  
A p r o b a b i l i s t i c  s tudy (refs.  22 and 23) has concluded t h a t  the e f f e c t  of the 
c r o s s  terms is to  lower and broaden the cepstrum echo peaks. The degree of con- 
tamination is related t o  both the  frequency dependence of the signal-to-noise r a t i o  
and the  r e l a t i v e  bandwidths of the s i g n a l  and noise ( r e f s .  22 t o  24). There are 
s e v e r a l  approaches which can be used to avoid o r  decrease t h i s  noise  contamination. 
If n ( t )  could be measured without the source s i g n a l  p re sen t ,  it could be sub t r ac t ed  
from x ( t ) .  S imi l a r ly ,  i f  N ( f )  i s  known, i t  could be removed from X ( f )  o r  
I x( f )  I 2 .  Ensemble averaging i n  the t i m e  domain would also se rve  t o  remove some of 
t h e  no i se  content ,  bu t  such t i m e  averaging would a l s o  remove any random con ten t  of 
x (  t )  , which may or may no t  be desirable. Averaging of t he  Fourier  transforms would 
y i e l d  e s s e n t i a l l y  the same r e s u l t s  as averaging i n  the  t i m e  domain. Averaging of t he  
power spectra would e l imina te  the  noise  cross terms, s i n c e  the  s i g n a l  and noise  func- 
t i o n s  are incoherent.  However, averaging of the p o w e r  s p e c t r a  w i l l  no t  remove the 
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no i se  power spectrum 
ges t ed  ( r e f .  15 ) .  such averaging procedures and d a t a  manipulation must be c a r e f u l l y  
chosen based on the character of t h e  da t a  (i.e.,  random, coherent ,  or b o t h ) .  
IN(f 1 1'. Averaging i n  the  c e p s t r a l  domain has a l s o  been sug- 
Numerical Examples 
To q u a l i t a t i v e l y  i n v e s t i g a t e  the  e f f e c t  of a d d i t i v e  noise ,  a composite s i g n a l  
c o n s i s t i n g  of the exponent ia l  impulse and echo of f i g u r e  3 with an a d d i t i v e  random 
"background" noise  funct ion 
-k t t 
x ( t )  = e 1 - 1 1  + a e  
w a s  constructed to  s imulate  the p o w e r  spectrum descr ibed by equation ( 2 1 ) .  (See 
f i g .  5.) The noise  funct ion n ( t )  w a s  obtained from a software random number gener- 
a t o r .  The signal-to-noise r a t i o  of the exponent ia l  s i g n a l  and echo t o  the no i se  is 
about 20 dB. The amplitude of the cepstrum sp ike  a t  T = 0,0018 sec is s i g n i f i -  
c a n t l y  less than expected f o r  an echo of a = 0.5, and rahmonics are not  p re sen t  be- 
cause of t he  noise ,  a s  shown i n  f i g u r e  5 ( c ) .  The cepstrum spike amplitude is approx- 
imately 0.10, as opposed t o  an amplitude of 0.50 shown i n  f i g u r e  3 ( c )  f o r  t he  "clean" 
t r a n s i e n t  s igna l .  Removal of t h i s  s i n g l e  spike r e s u l t s  i n  a p a r t i a l  improvement i n  
t h e  echo r ipp le  i n  the power spectrum. (Compare f i g .  5 ( d )  with the co r rec t ed  spec- 
trum without noise ,  f i g .  3 ( d ) . )  This i l l u s t r a t e s  t h a t  the a d d i t i o n a l  no i se  terms of 
equation ( 2 1 )  c a n  contaminate the cepstrum s u f f i c i e n t l y  to  des t roy  the  e f f e c t i v e n e s s  
of the approach, even i f  the no i se  N ( f )  i s  small compared with the d e s i r e d  s i g n a l  
and echo. This example can be considered a "worst case" f o r  two reasons: ( 1  ) no 
noise-removal approach, such as temporal, s p e c t r a l ,  o r  c e p s t r a l  averaging, is at-  
tempted; and ( 2 )  t he  r e l a t i v e  signal-to-noise r a t i o  of t he  exponent ia l  s i g n a l  t o  the  
noise  is qui te  s m a l l  over most of the spectrum above a frequency of 10 kHz. 
To ve r i fy  the r e s u l t s  of references 22 t o  24 (i.e.,  t h a t  the noise  contamination 
is  r e l a t e d  t o  the frequency v a r i a t i o n  of the signal-to-noise r a t i o  and to  the rela- 
t i v e  bandwidths of the s i g n a l  and n o i s e ) ,  two o t h e r  cases were i n v e s t i g a t e d .  The 
f i r s t  w a s  the case of i nc reas ing  the  s ignal- to-noise  ra t io  over t h a t  of f i g u r e  5; t h e  
second w a s  the case of i nc reas ing  the signal-to-noise r a t i o  and widening the s i g n a l  
bandwidth r e l a t i v e  t o  the noise  bandwidth. 
Figure 6 i l l u s t r a t e s  the e f f e c t  of i nc reas ing  the signal-to-noise r a t io  of the 
previous example from 20 t o  32 dB. The cepstrum shown i n  f i g u r e  6 ( c )  i s  very similar 
t o  t h a t  of the previous case, except t h a t  t he  sp ike  amplitude has increased by a fac- 
tor of t w o  t o  a value of 0.22. This i s  closer t o  the des i r ed  value of 0.50 which 
would r e s u l t  i f  no noise  w e r e  present .  I f  we e d i t  t he  cepstrum and perform the  in-  
verse Fourier transform, the co r rec t ed  spectrum of f i g u r e  6 ( d )  is found. This is a 
better estimate of the f r e e - f i e l d  spectrum than f i g u r e  5 ( d ) ,  al though a small  echo 
r i p p l e  r e m a i n s .  
Figure 7 i l l u s t r a t e s  t he  case of a l a r g e r  s i g n a l  bandwidth r e l a t i v e  t o  the  noise  
bandwidth. In t h i s  example the exponent ia l  f a c t o r  k w a s  increased from 6000 t o  
20 000, providing a broader s i g n a l  spectrum. The normalized cepstrum ( f i g .  7 ( C ) )  
e x h i b i t s  a prominent echo sp ike  a t  the  c o r r e c t  delay t i m e ,  with an amplitude ap- 
proaching the des i r ed  l e v e l  of 0.50. The f i r s t  echo sp ike  and one rahmonic w e r e  
e d i t e d  and the reconstructed spectrum is  shown i n  f i g u r e  7 ( d ) .  
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4. EFFECT OF ECHO DISTORTION 
Theory 
The case of a d i r e c t  s i g n a l  and a d i s t o r t e d  echo is a l s o  of g r e a t  p r a c t i c a l  
importance and can be modeled as 
where the a s t e r i s k  denotes a convolution and h(t) i s  the impulse response func t ion  
of the echo process .  The Fourier  transform and power spectrum may be w r i t t e n  as 
I f  we take the  logarithm and use a p o w e r  s e r i e s  expansion, the log p o w e r  spectrum is 
-i2mfte i 2 n f t e  
l n l X ( f ) I 2  = l n l G ( f ) 1 2  + H ( f )  e + H*(f) e 
- i 4 n f t e  i 4 n f t e  - 1 [ H * ( f ) I 2  e + ... 
2 - L[H(f)]2 e 2 
and th  p o w e r  cepstrum is 
i2nf  ( r -2 t e  1 i 2 n f ( r + 2 t e )  
df - +l: [H*( f ) I2  e - tl_i [ H ( f ) I 2  e df + ... 
N N 
= C ( T I  + h ( r  - te) + h ( r  + te) - i [ h ( r  - 2 t e )  * h(T - 2 t e ) ]  
Pg 
- $[h(r + 2t 1 * h ( ?  + 2t l 1  + ... e e’’ 
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where H ( f )  i s  the  t r a n s f e r  func t ion  of t h e  echo process  and t h e  s u p e r s c r i p t  aster- 
i s k  denotes  the complex conjugate.  Note t h a t  if H ( f )  is  a cons t an t ,  causing a 
perfect echo, then h(T - te) reduces to  the term of 
equat ion (1 1 1. 
s i n  [ ( n t  e - TI 2 r f N ]  
(nt ,  - ~ 1 2 r f ~  
This case has been s tud ied  i n  d e t a i l  by Hassab and Roucher ( r e f s .  22 and 2 3 )  and 
by Bolton and Gold ( r e f .  1 5 ) .  The conclusions of r e fe rence  22 show tha t  with d i s t o r -  
t i o n ,  t he  cepstrum echo spikes are lowered and broadened, q u a l i t a t i v e l y  a similar 
e f f e c t  as was  shown i n  the  presence of a d d i t i v e  noise .  This effect  on the  cepstrum 
s p i k e s  depends on t h e  t r a n s f e r  func t ion  H ( f )  of t h e  echo process, which of course 
is gene ra l ly  unknown. The echo process  can be considered as t h e  sum of the  reflec- 
to r ' s  t r a n s f e r  funct ion and the  a c o u s t i c  propagation path.  
The echo information i n  the  c e p s t r a l  domain is  now "windowed," o r  smeared, by 
t h e  t r a n s f e r  func t ion  i n  the  same manner t h a t  windowing i n  t h e  frequency domain 
occurs .  The echo no longer appears as a discrete sp ike  a t  t h e  echo de lay  t i m e  and 
e d i t i n g  t h e  cepstrum t o  remove t h e  echo becomes s u b s t a n t i a l l y  less s t r a igh t fo rward .  
Correct ion of Echo Transfer  Function 
To remove the  contamination i n  t h e  power spectrum due t o  t h e  d i s t o r t e d  echo, 
another  approach is suggested. T h i s  approach r e q u i r e s  an accu ra t e  knowledge of t h e  
t r a n s f e r  funct ion of the  echo process and an accu ra t e  knowledge of the  echo de lay  
t i m e  te. 
f e c t s  can be obtained through the use of s tandard techniques. The complex impedance 
can a l s o  be found with the  cepstrum technique of reference 15. An a c c u r a t e  estimate 
of the  echo delay t i m e  can be obtained e a s i l y  from the  power cepstrum of the  contami- 
nated s i g n a l .  Now equat ion ( 2 2 )  may be r e w r i t t e n  as 
The complex impedance of the  r e f l e c t o r  and the a c o u s t i c  propagation e f -  
l X ( f ) l 2  = [ l  + 2 H r ( f )  cos(2.rrfte) + 2Hi(f) s i n ( 2 a f t e )  + / H ( f ) I 2 ]  IG(f)I2 (23) 
Rearranging these terms, w e  can f i n d  the  d e s i r e d  f r e e - f i e l d  power spectrum 
by co r rec t ing  t h e  contaminated p o w e r  spectrum 
l G ( f )  1 
( X ( f  1 l 2  as follows: 
(24) 
The advantages of t h i s  technique are t h a t  t he  case-by-case e d i t i n g  of t h e  cepstrum 
and t h e  inverse transform processes are n o t  required and t h a t  a r o u t i n e  c o r r e c t i o n  t o  
a l l  measured power s p e c t r a  can be employed. El iminat ion of t h e  cepstrum e d i t i n g  and 
t h e  i n v e r s e  transform processes  w i l l  be p a r t i c u l a r l y  b e n e f i c i a l  when the  cepstrum is  
d i f f i c u l t  t o  e d i t  due t o  noise  o r  p e r i o d i c  content .  The disadvantage to  t h i s  tech- 
nique is t h a t  it requ i r e s  a knowledge of t h e  echo t r a n s f e r  func t ion  H ( f ) .  
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Example of Transf er-Func t i o n  Correction 
To v e r i f y  the v a l i d i t y  of t h i s  t r ans fe r - func t ion  c o r r e c t i o n  procedure, the pro- 
cedure w a s  appl ied t o  measured acous t i c  impulse d a t a  containing an echo. The impulse 
d a t a  w e r e  obtained during a model he l i cop te r - ro to r  wind tunnel  test i n  the  Langley 4- 
by 7-Meter Tunnel i n  which remotely i g n i t e d  b l a s t i n g  caps were mounted i n  t h e  c e n t e r  
of t h e  tunnel  t e s t  sec t ion .  The d i r e c t  b las t  s i g n a l  and echoes were measured a t  a l l  
the microphone l o c a t i o n s  i n  t h e  test  sect ion.  
t he  impulse occupy d i f f e r e n t  regions of the acous t i c  t i m e  series, the Fourier  t r ans -  
form of each impulse ( x d ( f )  
echo t r a n s f e r  func t ion  may be estimated. 
Since the d i r e c t  and echoed s i g n a l s  of 
and x e ( f ) )  may be ca l cu la t ed  sepa ra t e ly ,  and then the  
Equation (22) may be expressed as the  sum of the Fourier  transforms of t he  
d i r e c t  s i g n a l  ( X d ( f ) )  and the  echoed s i g n a l  ( x e ( f ) )  as follows: 
-i2'fte]G(f) = Xd(f) + X e ( f )  
where 
and 
The r a t i o  of Xd(f) and x e ( f )  are used t o  d e f i n e  a funct ion R ( f ) :  
With R ( f ) ,  H ( f )  may be found from 
From equation ( 2 4 )  with H ( f )  and t,, the  f r e e - f i e l d  spectrum may be found. 
Figure 8 ( a )  p resen t s  t he  impulsive acoust ic  s i g n a l  with a r e l a t i v e l y  s t r o n g  re- 
f l e c t i o n  (echo) measured w i t h  a microphone very c l o s e  t o  t h e  tunnel  test  s e c t i o n  
f l o o r .  
pendently c a l c u l a t e  the Fourier transforms of the d i r e c t  and echoed s i g n a l s .  The 
same record length w a s  used f o r  each, w i t h  a l l  nonpert inent  d a t a  po in t s  before  or 
The regions marked i n  the  f i g u r e  i n d i c a t e  the d a t a  which w e r e  used to  inde- 
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a f t e r  the t r a n s i e n t  impulses set  t o  zero. Figures  8 ( b )  and 8(c)  show the p o w e r  spec- 
tra of the d i r e c t  and echoed s i g n a l s .  These d a t a  were then used to  c a l c u l a t e  R ( f )  
from equation (25 ) .  Figure 8 ( d )  shows the  p o w e r  spectrum of the d i r e c t  p lus  the  ech- 
oed s i g n a l .  The ob jec t ive  i s  t o  correct t h i s  contaminated spectrum f o r  t he  nonl inear  
echo and t o  r econs t ruc t  the uncontaminated spectrum of the d i r e c t  wave ( f i g .  8 ( b ) ) .  
To c a l c u l a t e  the func t ion  H ( f ) ,  an estimate of the echo t i m e  de l ay  te is re- 
quired.  This value is estimated t o  be 0.003 sec from the p o w e r  cepstrum of the  con- 
taminated spectrum (shown i n  f i g .  9 ( a ) ) .  The t r a n s f e r  func t ion  H( f )  may now be 
found from R ( f )  and te. The p o w e r  spectrum I H (  f 1 I is shown i n  f i g u r e  9 ( b )  . 
When the contaminated spectrum is corrected f o r  H ( f )  as def ined by equation (241, 
the  spectrum shown i n  f i g u r e  9 ( c )  is found. This spectrum compares very w e l l  wi th  
t h a t  of t h e  d i r e c t  wave presented i n  f i g u r e  8 ( b ) .  
It  is i n t e r e s t i n g  t o  compare t h i s  c o r r e c t i o n  procedure with the  process of 
e d i t i n g  the  cepstrum. The cepstrum shown i n  f i g u r e  9 ( a )  w a s  e d i t e d  by s e t t i n g  a l l  
values g r e a t e r  than T = 0.002 sec t o  zero.  The r e s u l t i n g  spectrum is shown i n  
f i g u r e  9 ( d ) .  (such severe cepstrum e d i t i n g  is v a l i d  when the t i m e  s i g n a l  is t ran-  
s i e n t  o r  nonperiodic, s i n c e  the cepstrum of the d i r e c t  s i g n a l  is  s m a l l  f o r  l a r g e  
values of T . The hump i n  the  cepstrum near T = 0.003 sec ( f i g .  9 ( a )  ) is  a t t r i b -  
uted t o  the  windowing e f f e c t  of the nonl inear  t r a n s f e r  func t ion  a c t i n g  on the echoed 
s i g n a l . )  I n  a comparison of the two reconstructed s p e c t r a  with the  spectrum of the  
d i r e c t  s i g n a l  alone ( f i g .  8 ( b ) ) ,  t he  spectrum cor rec t ed  f o r  the echo t r a n s f e r  func- 
t i o n  ( f i g .  9 ( c ) )  is c l e a r l y  supe r io r .  The spectrum cor rec t ed  with the  cepstrum cor- 
r e c t i o n  process ( f i g .  9 ( d ) )  y i e l d s  a s a t i s f a c t o r y  r e s u l t  only a t  f requencies  less 
than 2 kHz. 
While performing these  c a l c u l a t i o n s ,  w e  noticed t h a t  the t r a n s f e r  funct ions cal- 
culated were extremely s e n s i t i v e  t o  the s p e c i f i c  d a t a  used i n  each transform, t h e  
sample length,  the sample rate,  the transform s i z e ,  and o t h e r  p a r t i c u l a r s  of the 
ana lys i s .  Although the  s p e c t r a l  shapes were gene ra l ly  the same, the  amplitudes would 
vary widely with small d i f f e r e n c e s  i n  the a n a l y s i s  approach. W e  f e e l  t h a t  t h i s  w a s  
due t o  the  paucity of d a t a  a v a i l a b l e  t o  estimate the t r a n s f e r  funct ion.  Other 
approaches t o  f ind ing  t h e  echo t r a n s f e r  funct ion may prove more success fu l  than t h a t  
employed i n  t h i s  work. 
5. APPLICATION TO PERIODIC FUNCTIONS 
Much previous work on the t o p i c  of cepstrum echo removal has concluded t h a t  t he  
technique is most success fu l  i f  appl ied t o  c e p s t r a  which decay r a p i d l y  with quefrency 
T. Typical ly  these cepstra are f o r  random o r  noncoherent funct ions.  De te rmin i s t i c  
o r  pe r iod ic  funct ions,  which are coherent ,  gene ra l ly  e x h i b i t  pe r iod ic  c h a r a c t e r i s t i c s  
i n  t h e i r  cepstra .  (Recal l  t h a t  t he  a u t o c o r r e l a t i o n  of a s inuso id  is  s inuso ida l . )  I n  
p repa ra t ion  for  the a p p l i c a t i o n  of the cepstrum echo removal technique to  measured 
hel icopter-rotor  acous t i c  da t a  (which is considered highly t o n a l  n o i s e ) ,  the appl ica-  
t i o n  of the technique t o  a general ized pe r iod ic  func t ion  w a s  i nves t iga t ed .  The exam- 
p l e  p e r i o d i c  funct ion considered is a set  of harmonic s i n e  waves of equal amplitude. 
Several  examples a r e  considered which have d i f f e r e n t  con t r ibu t ions  (i.e.,  source- 
r e l a t e d ,  non-source-related, and leakage-related c o n t r i b u t i o n s )  a t  t he  off-harmonic 
frequencies .  
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Numerical Examples 
Di rec t  s igna l . -  Figure 1 0 ( a )  presents  the power spectrum of the  example p e r i o d i c  
func t ion ,  a series of 25 equal-amplitude harmonics of a fundamental 5-Hz tone w i t h  no 
echo contamination. The source s i g n a l  has a constant  off-harmonic l e v e l  of about 
76 dB. Figure 1 0 ( b )  p re sen t s  the normalized p o w e r  cepstrum of this s igna l .  N o t e  the  
s t rong  p e r i o d i c  cha rac t e r  of the cepstrum. The spikes a t  T = 0.20 ( t f )  and 
T = 0.40 are due to  the  fundamental tone frequency of 5 Hz. The o s c i l l a t o r y  period- 
i c i t y  of the  cepstrum is due t o  the  harmonics present .  
One i d e a l  r e f l e c t i o n  (te = 0.07 sec).- Figure l l ( a )  p re sen t s  the power spectrum 
of the  same s i g n a l  as used f o r  f i g u r e  10 with the add i t ion  of an echo (a = 0.5) a t  a 
delay t i m e  .of 0.07 sec. The cepstrum ( f i g .  l l ( b ) )  c l e a r l y  i d e n t i f i e s  t h i s  echo a t  
T = 0.07 sec (te), and one rahmonic is evident  a t  T = 0.14 sec ( 2 t e ) .  N o t e  that 
the  magnitude of the echo sp ike  a t  T = 0.07 sec is very c lose  t o  the  expected l e v e l  
of 0.50 (a = 0.5).  Edi t ing  and i n t e r p o l a t i n g  of this type of cepstrum is  not  
s t r a igh t fo rward  because of its harmonic charac te r .  Figure 11 (c)  p resen t s  the  e d i t e d  
power cepstrum, and f i g u r e  l l ( d )  presents  the  recons t ruc ted  p o w e r  spectrum. A 
s u b s t a n t i a l  p a r t  (though not  a l l )  of t he  echo r i p p l e  has been removed. 
-- 
One i d e a l  r e f l e c t i o n  (te = 0.07 sec) w i t h  leakage.- Another case of i n t e r e s t  is 
t h a t  of the  series of harmonic tones with no off-harmonic s p e c t r a l  conten t  except  
t h a t  caused by numerical leakage or by t h e  s p e c t r a l  leakage a s soc ia t ed  with use  of a 
sample per iod which is not  exac t ly  an i n t e g e r  mul t ip l e  of the fundamental per iod.  
Figure 1 2 ( a )  p re sen t s  the  case of the same s e r i e s  of tones and an echo (a = 0.5 and 
te = 0.07 sec) as used f o r  f i g u r e  l l ( a )  w i t h  no o the r  source- re la ted  energy i n  the 
off-harmonic bands. The leakage energy is apparent i n  between the harmonic tones a t  
a l e v e l  of about 10 dB. The power cepstrum ( f i g .  1 2 ( b ) )  conta ins  an echo sp ike  a t  
the  correct de lay  t i m e ,  al though the  spike amplitude is  somewhat lower (0.40) than 
t h e  expected value of 0.50. T h i s  lowering of t he  echo-spike l e v e l  is a t t r i b u t e d  to  
the  lack of s i g n i f i c a n t  energy i n  the  off-harmonic bands t o  c a r r y  the  echo r i p p l e  
information.  
One i d e a l  r e f l e c t i o n  (te = 0.29 sec).- Figure 13 shows the  same pe r iod ic  
func t ion  presented  i n  f i g u r e  1 2  with an echo of 
The power cepstrum ( f i g .  1 3 ( b ) )  of t h i s  s igna l  e x h i b i t s  an echo sp ike  a t  
T = 0.09 sec. I n  t h i s  case the  echo r i p p l e  i n  t he  power spectrum has e f f e c t i v e l y  
been undersampled, and t h e  information has been a l i a s e d  i n  very much the  same manner 
as a l i a s i n g  i n  t h e  frequency domain can occur. In s t ead  of i d e n t i f y i n g  an echo a t  
T = te (i.e., a t  0.29 sec), the  process  has  i d e n t i f i e d  an echo a t  T = te - 
(0.29 - 0.20 = 0.09 sec), an a l i a s e d  time delay. (Recall t h a t  tf is the  per iod of 
t he  5-Hz tone.  ) This  m i s i d e n t i f i c a t i o n  is a t t r i b u t e d  t o  the  following: because 
t h e r e  i s  no t  s i g n i f i c a n t  source- re la ted  energy i n  the  off-harmonic bands to  r ep resen t  
t he  echo r i p p l e  i n  the  spectrum, t h e  harmonic tone frequency becomes the  " e f f e c t i v e  
sample rate" of the  spectrum; and because the harmonic tone frequency (sample r a t e )  
of 5 Hz is  g r e a t e r  than the  echo r i p p l e  frequency ( l / t e  = 3.5 H z ) ,  a l i a s i n g  occurs .  
This  phenomenon is analogous to  the  sampling theorem f o r  t i m e  series, which states 
t h a t  t o  r e so lve  f requencies  wi th  a per iod of T, one must use a sample i n t e r v a l  of 
less than T/2. Thus, t o  reso lve  a frequency of 3.5 Hz i n  t he  spectrum, the  
e f f e c t i v e  sample rate should be l e s s  than 1.7 Hz. 
a = 0.5 a t  te = 0.29 sec. 
t f 
One i d e a l  r e f l e c t i o n  (te = 0.07 sec) w i t h  a d d i t i v e  noise.- A f i n a l  example 
( f igs-the s a m e  -periodic func t ion  as that used f o r  f i g u r e s  11 t o  
13 w i t h  an off-harmonic l e v e l  which is unrelated to  the  source s i g n a l ;  t h i s  r e s u l t s  
17 
i n  an add i t ive  ambient no i se  l e v e l .  This example, with an echo a t  t = 0.07 sec, is 
presented i n  f igu re  1 4 ( a ) .  The cepstrum ( f i g .  1 4 ( b ) )  only weakly e x h i b i t s  t he  echo 
spike.  is presented i n  f i g -  
u r e  15 ( a ) .  Again the  cepstrum echo spike is very weak compared w i t h  t he  previous 
cases, and the echo t i m e  delay has been aliased from i ts  a c t u a l  value. 
f! 
The same source s i g n a l  with an echo a t  t, = 0.29 sec 
Discussion 
The general  conclusion from these r e s u l t s  is that the  measured source spectrum 
must be a continuous spectrum, t h a t  is, the s p e c t r a l  energy must a l l  be due t o  the  
source s i g n a l  and i ts  echoes. I f  there are regions of t h e  measured spectrum which 
are due t o  an extraneous source,  then the echo r i p p l e  information w i l l  n o t  be repre- 
sented a t  these bands and the  d e t e c t i o n  of t h e  echo w i l l  be seve re ly  d e t e r i o r a t e d .  
Although the numerical examples may seem purely academic, the s i t u a t i o n s  modeled can 
e a s i l y  occur i n  experimental  measurements. Consider, f o r  example, the measurement of 
a source with an echo when the source has a h igh ly  t o n a l  or p e r i o d i c  content .  The 
source may a l so  have broadband content  a t  t he  nontonal f requencies .  If  the o f f -  
harmonic source energy is  s i g n i f i c a n t l y  lower than the tone energy, it may be hidden 
by instrumentation noise  during the  data a c q u i s i t i o n  process.  Thus, one could be 
faced with data very similar t o  t h a t  presented i n  f i g u r e  14, a pe r iod ic  d i r e c t  s i g n a l  
w i t h  an echo a t  harmonic frequencies ,  and a non-source-related off-harmonic "noise 
f l o o r "  which would no t  r ep resen t  the echo r i p p l e .  
o t h e r  conclusions related t o  the a p p l i c a t i o n  of the cepstrum t o  p e r i o d i c  d a t a  
are as follows. The e d i t i n g  and i n t e r p o l a t i n g  procedure can be q u i t e  d i f f i c u l t ,  with 
p o t e n t i a l l y  e r r a t i c  r e s u l t s .  For such s i g n a l s ,  the c o r r e c t i o n  technique presented i n  
s e c t i o n  4 may be more use fu l .  C lea r ly ,  the dynamic ranges of the d a t a  and of the 
data a c q u i s i t i o n  process are of importance, as is  the o r i g i n  of the  s p e c t r a l  con ten t  
(source- o r  non-source-related c o n t r i b u t i o n ) .  I n  a d d i t i o n ,  the ra t io  of t he  a n a l y s i s  
bandwidth ( 1 / T )  t o  t h e  echo r i p p l e  frequency ( l / t e )  is important.  I n  analogy t o  
Shannon's sampling theorem, it is concluded t h a t  t he  a n a l y s i s  bandwidth should be 
less than one-half of the echo r i p p l e  frequency l / t e ,  to  prevent  a l i a s i n g  of t he  
echo t i m e  delay i n  t h e  c e p s t r a l  domain. This is a similar conclusion to  tha t  pre- 
v ious ly  reported ( r e f .  15) , t h a t  the echo delay t i m e  should be less than one-half of 
the  sample record length.  
6. APPLICATION To HELICOPTER-ROTOR ACOUSTIC DATA 
The cepstrum cor rec t ion  technique w a s  appl ied to  measured model he l i cop te r - ro to r  
a c o u s t i c  data containing r e f l e c t i o n s  from a wind tunnel w a l l .  These data w e r e  ac- 
quired i n  the Langley 4- by 7-Meter Tunnel. Acoustic r e s u l t s  are reported i n  r e f e r -  
ences 20 and 21. A d iagnos t i c  tes t  was a l s o  performed to  assess the magnitude of 
poss ib l e  r e f l e c t i o n s  from an impulsive p o i n t  source a t  each microphone and to  iden- 
t i f y  an approximate echo a r r i v a l  t i m e  a t  each microphone. E s t i m a t e s  of the r e l a t i v e  
amplitudes were made from the a c o u s t i c  t i m e  histories of t hese  even t s ,  and estimates 
of the de lay  times were made from the p o w e r  c e p s t r a .  
Helicopter-Rotor Noise Model 
I t  should be recognized t h a t  he l i cop te r - ro to r  noise  c o n s i s t s  of two gene ra l  
con t r ibu t ions .  The h ighes t  noise  l e v e l s  are generated a t  a series of low-frequency 
harmonics of the blade-passage frequency ( equa l  t o  the number of rotor blades 
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t i m e s  t he  s h a f t  r o t a t i o n  frequency; t y p i c a l l y ,  fBp = 15 t o  20 H Z ) .  T h i s  acous t i c  
s i g n a l  is h ighly  pe r iod ic  and d i s c r e t e .  The other  major source is he l i cop te r - ro to r  
broadband noise  ( r e f .  251, and although t h i s  source has some energy a t  the  lower fre- 
quencies  ( those  less than 1 kHz), most of the  energy is i n  t h e  middle frequency range 
(i.e.,  1 t o  5 kHz). This  con t r ibu t ion  is a more random and broadband noise  source.  
Thus, t h e  h e l i c o p t e r - r o t o r  no ise  s i g n a l  can be modeled a s  fol lows:  
where a (n fBp)  i s  the  amplitude envelope of the he l i cop te r - ro to r  harmonics, N is  
the  number of r o t o r  harmonics, * r ( t )  is  the  ro to r  broadband noise  s i g n a l ,  and n ( t )  
is  the a d d i t i v e  wind tunnel  background noise .  The r o t o r  s i g n a l  with one p e r f e c t  
r e f l e c t i o n  can be modeled as  
N 
n= 1 
x ( t )  = a ( n f  ){s in(2nnf  t )  + a sin[21rnf ( t  - t e l l }  
BP BP BP 
App 1 i c a t i on 
Power-averaged s p e c t r a  .- The cepstrum technique w a s  appl ied  t o  the  r o t o r  
a c o u s t i c  d a t a  measured a t  a microphone located i n  the  tunnel  flow f o r  a t y p i c a l  
r o t o r  test  condi t ion  (i.e., 60 knots ,  2 O  r o to r  angle  of a t t a c k ,  microphone 3 ,  and 
fBp = 100 Hz) . 
value of 100 Hz. F i f t y  power s p e c t r a  of the  increased  by f i v e ,  causing the  
r o t o r  s i g n a l  were averaged t o  ob ta in  a power-averaged spectrum a s  fol lows:  
Since t h i s  w a s  a 1 /5-scale ro tor  model, the r o t a t i o n a l  speed w a s  
BP 
50 
i = l  
T h i s  is the  convent ional  method of s p e c t r a l  averaging, as it preserves  a l l  the acous- 
t i c  energy i n  the  s i g n a l  and does not  remove random content .  
spectral averaging process  is to  e l imina te  some of the c ross  term con t r ibu t ions  of 
equat ion (21  ) as discussed i n  s e c t i o n  3.  Note the  r i p p l e  i n  the spectrum 
( f i g .  1 6 ( a )  1 ,  p a r t i c u l a r l y  obvious between 2000 and 6000 Hz. The per iod of t h i s  r i p -  
ple is approximately 500 H z ,  which corresponds t o  an echo t i m e  delay of 0.0020 sec. 
From the impulse d a t a  r e s u l t s ,  which are presented i n  t a b l e  I11 of re ference  20, we 
a n t i c i p a t e  r e f l e c t i o n s  occurr ing  a t  echo delay t i m e s  of approximately 0.0025 and 
0.0240 sec with r e l a t i v e  amplitudes of 0.49 and 0.10. The cepstrum is shown i n  f i g -  
u re  1 6 ( b ) ,  with two prominent sp ikes  near 0.0020 and 0.0200 sec. ( I n  these  p l o t s  the 
f i r s t  few p o i n t s  near zero have been set  t o  zero t o  inc rease  the  p l o t  reso iu t ion . ;  
The rahmonics of these  two sp ikes  a r e  not  obvious. N o t e  t h a t  except  f o r  the echo 
Another r e s u l t  of t h i s  
19 
sp ikes ,  the cepstrum shows a somewhat r epea tab le  pattern. This p a t t e r n  r epea t s  every 
0.01 sec ,  which is  the  per iod of t he  blade-passage frequency ( 1  00 Hz) . The cepstrum 
echo sp ike  a t  T = 0.002 sec  corresponds t o  a EJ 0.18, and the  echo sp ike  a t  
T = 0.020 sec  corresponds t o  a EJ 0.13; t h e s e  values of a are cons iderably  d i f f e r -  
e n t  from the expected echo s t r eng ths  (i.e.,  0.49 and 0.10). This discrepancy i n  the  
da t a  i s  p a r t l y  due to  the  presence of background noise ,  which we have seen can l o w e r  
t he  l e v e l s  of t he  cepstrum echo peaks. I t  is  a l s o  p a r t l y  because the  r e f l e c t i o n s  are 
no t  p e r f e c t  dupl ica tes  of t he  d i r e c t  s i g n a l s ,  another  e f f e c t  which tends t o  lower and 
broaden the  echo spikes .  
Some engineering judgment i s  requi red  t o  remove the  echo sp ikes  s i n c e  the  
cepstrum l eve l s  due t o  the  d i r e c t  s i g n a l  a t  these  values  of T a r e  not  known. The 
e d i t e d  cepstrum i s  shown i n  f i g u r e  1 6 ( c )  , and the  recons t ruc ted  spectrum is shown i n  
f i g u r e  1 6 ( d ) .  The harmonic r i p p l e  i s  almost completely removed from the  measured 
spectrum except a t  t he  higher  f requencies .  The d i f f e r e n c e  between the  measured 
(contaminated) spectrum and the  cor rec ted  spectrum is shown i n  f i g u r e  1 6 ( e ) .  Al- 
though the d i f f e rence  i n  o v e r a l l  levels is 1.0 dB, the  c o r r e c t i o n  t o  i n d i v i d u a l  
frequency l eve l s  o s c i l l a t e s  approximately k4.0 dB, 
Another example of da t a  f o r  a t y p i c a l  r o t o r - t e s t  condi t ion  (i.e.,  55 knots ,  6O 
r o t o r  angle  of a t t a c k ,  and microphone 2 ,  fBp = 100 Hz) is given i n  f i g u r e  17  f o r  
another  inflow loca t ion .  The r i p p l e  i n  the  spectrum has a per iod of about 400 Hz 
( f o r  an echo t i m e  delay of 0.0025 s e c ) .  From the  impulsive da t a  r e s u l t s  ( t a b l e  I11 
of r e f .  201, w e  expect r e f l e c t i o n s  a t  T = 0.0031 and 0.0098 sec. A l a r g e  sp ike  is  
shown i n  the  cepstrum ( f i g .  1 7 ( b ) )  a t  T = 0.0026 sec. A sp ike  a t  T = 0.0090 sec 
is  a l s o  shown, b u t  i t s  amplitude is much less than the  one a t  T = 0.0026 sec. This 
sp ike  a t  T = 0.0090 sec  could a l s o  be p a r t  of the  n a t u r a l  p e r i o d i c i t y  of t he  
cepstrum. I f  w e  had no p r i o r  knowledge of the poss ib l e  echoes, t h i s  second r e f l e c -  
t i o n  could e a s i l y  be overlooked i n  the  cepstrum. Thus, some knowledge of the  proba- 
b l e  echo delay time is d e s i r a b l e  f o r  t he  success  of t h i s  technique. Note again the  
somewhat per iodic  cha rac t e r  of the  cepstrum. The e f f e c t  of removing the  f i r s t  echo 
is  shown i n  f igu res  1 7  ( c )  and 1 7 ( d )  , which show the  ed i t ed  cepstrum and the  recon- 
s t r u c t e d  spectrum, Again, t he  r i p p l e  a t  the  higher  f requencies  has been v i r t u a l l y  
removed. Although the c o r r e c t i o n  to  the o v e r a l l  sound level  is 0.1 dB, the  s p e c t r a l  
d i f f e rences  a re  f0.6 dB. (See f i g .  1 7 ( e ) . )  
Coefficient-averaged spectra.- TO i n v e s t i g a t e  the  d e t e r m i n i s t i c  con ten t  of t he  
da t a ,  a second method of s p e c t r a l  averaging w a s  used. In  t h i s  case ,  t he  Four ie r  
c o e f f i c i e n t s  of 50 s p e c t r a  r a t h e r  than the  p o w e r  of 50 s p e c t r a ,  are averaged as 
follows: 
This coeff ic ient-averaging approach serves  t o  average o u t  random con t r ibu t ions  to  the  
s i g n a l ,  such as the  he l i cop te r - ro to r  broadband noise  r ( t )  and the  tunnel  background 
noise  contamination n ( t ) .  The same d a t a  of f i g u r e  16 were averaged i n  t h i s  manner 
and a r e  presented i n  f i g u r e  18. For the  comparison of the  two methods of averaging,  
t he  o v e r a l l  sound l e v e l  from the  power-averaging method is 112.6 dB, whereas the  
o v e r a l l  sound l e v e l  from the  coef f ic ien t -averaging  method is 107.2 dB. The blade- 
passage frequency, a t  approximately 100 HZ, has the S a m e  sound l e v e l  f o r  e i t h e r  aver- 
aging method. This i n d i c a t e s  t h a t  it is  p r i m a r i l y  a pure harmonic s i g n a l  with l i t t l e  
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random content .  ( R e c a l l  tha t  this was a l r e a d y  suspected based on the  0.01-sec peri- 
o d i c i t y  i n  the  cepstrum of f i g .  1 6 ( b ) . )  Between 500 and 2500 Hz, the  power-averaged 
l e v e l s  are c o n s i s t e n t l y  l a r g e r  than the  coef f ic ient-averaged l e v e l s  , t y p i c a l l y  by 
5 t o  10 dB. Above 2500 Hz,  the  power-averaged l e v e l s  are c o n s i s t e n t l y  15 t o  20 dB 
l a r g e r  than the coeff ic ient-averaged l e v e l s .  This i n d i c a t e s  t h a t  except  a t  the  fun- 
damental frequency, the r o t o r  s i g n a l  contains  a l a r g e r  con t r ibu t ion  from random 
sources  than from d e t e r m i n i s t i c  sources  or  phenomena, although the cha rac t e r  of the 
s i g n a l  is  q u i t e  discrete o r  tona l .  
Discussion 
A comparison of t he  cepstra obtained from the  two averaging methods is  i n t e r e s t -  
ing.  (See f i g s .  16 (b )  and 1 8 ( b ) . )  The cepstrum from the  coeff ic ient-averaged spec- 
trum ( f i g .  18(b) )  is much "no i s i e r "  than the  power-averaged cepstrum ( f i g .  1 6 ( b ) )  
and d i s p l a y s  many sp ikes .  T h i s  is probably due t o  the more t o n a l  na ture  of t he  
coeff ic ient-averaged spectrum. A prominent spike is again shown a t  T = 0.002 sec 
and a less prominent sp ike  i s  shown a t  T = 0.020. I n t e r e s t i n g l y ,  the  cepstrum peak 
amplitudes a t  these echo t i m e s  are almost the same i n  the  two cepstra, and t h i s  
i n d i c a t e s  that  the two averaging methods r e t a i n  the same echo c h a r a c t e r i s t i c s .  
The f a c t  t h a t  t he  cepstrum echo sp ikes  have the  same sound l e v e l  f o r  both aver- 
aging methods i n d i c a t e s  t h a t  the noise  N ( f )  p r e s e n t  i n  the  power-averaged spectrum 
does no t  have a measurable e f f e c t  on the  t o t a l  cepstrum a t  the  echo peak loca t ion .  
I t  appears t h a t  t he  f a c t o r  which has lowered the cepstrum echo peaks from the ex- 
pected sound l e v e l s  is the  non l inea r i ty  of the r e f l e c t i o n  process .  The conclusion 
t h a t  echo d i s t o r t i o n  e f f e c t s  are more i m p o r t a n t  than a d d i t i v e  noise  e f f e c t s  was a l s o  
reached from the  use of the  power cepstrum with hydroacoust ic  d a t a  conta in ing  echoes 
( r e f .  3 )  and i n  a genera l  s tudy of the comparative e f f e c t s  of d i s t o r t i o n  and noise  on 
the cepstrum ( r e f .  2 2 ) .  I d e a l l y ,  the  removal of any n o n l i n e a r i t y  i n  the  echo t r ans -  
f e r  func t ion  is d e s i r a b l e ,  as i l l u s t r a t e d  by the  simple example i n  s e c t i o n  4. Addi- 
t i o n a l  work w a s  performed i n  an at tempt  to  est imate  a t r a n s f e r  func t ion  to  c o r r e c t  
t h e  measured rotor da ta ;  however, t h i s  work proved l a r g e l y  unsuccessful .  The lack 
of success  is a t t r i b u t e d  t o  two f a c t o r s :  ( 1 )  t he  rotor i s  a l a r g e  (i.e.,  2.8-m- 
d iameter )  d i s t r ibu ted -no i se  source which could r ece ive  echoes from r e f l e c t o r s  d i f -  
f e r e n t  from those used to  c a l c u l a t e  t h e  appl ied H ( f ) ,  and (2) a n  accu ra t e  H ( f )  i s  
d i f f i c u l t  t o  c a l c u l a t e  from the  amount and t y p e  of a v a i l a b l e  data from t h i s  exper i -  
ment. In  s p i t e  of t hese  problems, it i s  still  concluded t h a t  e d i t i n g  of t he  power 
cepstrum provides  an improved estimate of the r o t o r  f r e e - f i e l d  spectrum. 
7. CONCLUSIONS 
The app l i ca t ion  of the  p o w e r  cepstrum t o  remove acous t i c  r e f l e c t i o n s  from mea- 
sured he l i cop te r - ro to r  a c o u s t i c  s p e c t r a  has been inves t iga t ed .  It  was found tha t  a 
previous ly  appl ied c o r r e c t i o n  t o  the reconstructed spectrum, which would r equ i r e  
p r i o r  knowledge of the  echo amplitude or path length ,  is not  requi red  o r  correct. 
Although information of t he  echo amplitude and de lay  t i m e  is h e l p f u l  i n  applying this 
technique, the technique can o f t en  be applied with no p r i o r  information of the  echo 
c h a r a c t e r i s t i c s .  I t  w a s  a l s o  found that fo r  t he  case of an exac t  echoed s i g n a l ,  the 
amplitude of t he  cepstrum echo sp ike  a t  the echo de lay  t i m e  is l i n e a r l y  r e l a t e d  t o  
the r e l a t i v e  amplitude of t he  echo i n  the  t i m e  domain. I t  w a s  found that f o r  t he  
b e s t  a p p l i c a t i o n  of the technique, the  e n t i r e  measured spectrum must be from the 
source s i g n a i .  i f  part of the source s igna l  is iiiaskzd k q  any extraneous non-source- 
r e l a t e d  s i g n a l ,  the  echo r i p p l e  i n  the  power spectrum is not  w e l l  represented.  I n  
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this case the cepstrum does no t  y i e l d  the d e s i r e d  echo c h a r a c t e r i s t i c s  and a l i a s i n g  
i n  the  c e p s t r a l  domain can occur because of t he  a l t e r e d  e f f e c t i v e  sample rate  i n  the  
frequency domain. I t  w a s  a l s o  found t h a t  t o  prevent  a l i a s i n g  of t he  echo delay t i m e  
i n  the c e p s t r a l  domain, t he  s p e c t r a l  a n a l y s i s  bandwidth ( t h e  inve r se  of t he  t i m e  
series record) must be less than one-half of the echo ripple frequency ( t h e  inve r se  
of the echo delay t i m e  1 .  
The power cepstrum w a s  found t o  be u s e f u l  f o r  removing some of the contamination 
from acous t i c  r e f l e c t i o n s  i n  measured he l i cop te r - ro to r  a c o u s t i c  spectra. The cep- 
strum e d i t i n g  process w a s  l imi t ed  by the nonl inear  t r a n s f e r  func t ion  a c t i n g  on the  
a c o u s t i c  r e f l e c t i o n s .  Although cepstrum e d i t i n g  yielded an improved estimate of t h e  
f r e e - f i e l d  spectrum, the re  s t i l l  remained some e r r o r  because of the nonl inear  t r ans -  
f e r  func t ion  of the echo process.  An a l t e r n a t e  procedure w a s  proposed which would 
al low the complete c o r r e c t i o n  of a contaminated spectrum by use of both the echo 
t r a n s f e r  function and the echo delay t i m e .  Although t h i s  procedure would remove t h e  
need f o r  e d i t i n g  i n  the cepstral domain, it r e q u i r e s  a knowledge of t he  t r a n s f e r  
funct ion of the echo process. 
NASA Langley Research Center 
Hampton, VA 23665-5225 
March 10,  1986 
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APPENDIX A 
AMPLITUDE OF ECHO CEPSTRUM AT 'C = 0 
The d e r i v a t i o n  i n  t h i s  appendix is intended to  prove t h a t  
A more complete expression of equat ion (10)  , the p o w e r  cepstrum of g ( t )  with one 
i d e a l  echo, is h e l p f u l  to  t h i s  de r iva t ion  and is given as fol lows:  
df 
i2af.r df +IfN l n ( 1  + a 2 1 e i2nf.r c =I_: l n ( l G ( f ) 1 2 )  e 
-fN 
P 
N 
df 12nfT i2nf'C df - 1 
e 2 
+[I + c o s ( 4 a f t e ) ]  e 
-fN 
+ f b3 J f N  $3 cos (2nf t e )  + c o s ( 6 n f t e ) ]  e i2nf-r df 
N 
-f 
- 1 o 4  J f N  $[3 + 4 cos (4nf t e )  + c o s ( 8 n f t e ) ]  e i2nf-r df 
N 
-f 4 
45 J f N  k [ l O  cos (2nf t e )  + 5 cos(6nf te )  + c o s ( l O * f t e ) ]  e i 2 n f ' ~  df 
N 
-f + 3  
- (61fN &[lo + 15 cos (4nf t e )  + 6 c o s ( 8 r f t e )  + c o s ( 1 2 n f t e ) ]  e i2nf  IC df 
6 
- f N  
+ 97 /'" &[35 cos (2nf t e )  + 21 cos(6nf te )  + ...] e i 2 n f ~  df 
7 
- f N  
(Equation continued on the  next  page) 
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df - 1 $llfN &[35 + 56 c o s ( 4 n f t  l + 28 c o s ( 8 n f t  1 + . . . I  e i 2 r f  T 
8 e e 
-fN 
df  -[126 c o s ( 2 n f t  l + 8 4  cos(61rft l + . . . I  e i 2 n f . r  
+ "LrZ 2:6 e e 
df  - 1 ( 1 0 J f N & [ 1 2 6  + 210 c o s ( 4 n f t  + 120 c o s ( 8 n f t  + . . . I  e i 2 n f  T 
e e 
N 
-f 
10 
+ ... 
T h i s  e x p r e s s i o n  may be reduced  t o  
s i n (  2nfN') 
[ 2afN' ] 2 c ('11 = c ( T I  + 2f  [ 1 n ( l  + a I - a o ]  P P4 N 
s i n [ ( n t  - ~ ) 2 1 r f ~ ]  s i n [ ( n t  + ~ ) 2 n f ~ ]  ---> e e + -  N n= 1 ( n t ,  - ~ l 2 . r r f ~  ( n t ,  + ~ l 2 r f ~  
The form of t h e  c o e f f i c i e n t  
a l l  the i n t e g r a l s  of ei2afT i n  e q u a t i o n  ( A l l .  Thus,  a. may be w r i t t e n  as 
a. may be shown t o  be the series of factors m u l t i p l y i n g  
1 126  10  + I$ ... 6 32 8 128 
1 2 3 4 5 6  
4 32 96 1024 
= - I $  + - I $  + - I $  +---- 
The e n t i r e  fac tor  m u l t i p l y i n g  t h e  ( s i n  x)/x term a t  r = 0 is  l n ( 1  + a21 - ao. 
To prove t h a t  
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it is e s t a b l i s h e d  t h a t  I n (  
f i c i e n t  ao. To show t h i s  
t h e  s impl i fy ing  expression 
1 + a2)  is equal t o  the same i n f i n i t e  series as the coef- 
2 we de f ine  the quan t i ty  ( 1  + a ) as a func t ion  of 4 using 
(A21 
2 a  
1 + a  + =  2 
which may be r e w r i t t e n  as 
+a2 - 2 a  + 0 = o 
This is a q u a d r a t i c  equation i n  a with roots  
2+ 
a =  
Now, s i n c e  0 < a < 1.0, w e  must take only the r o o t  
From this r e l a t i o n  and 
equat ion (A31 may be expressed i n  terms of 4 as 
+ a =  
To f i n d  the q u a n t i t y  1 + a2 i n  terms of 
equation !A41 is used to  d e f i n e  a: 
4,  equat ion ( A 2 )  is  inve r t ed  and 
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Taking t h e  n a t u r a l  logarithm and. s epa ra t ing  terms r e s u l t s  i n  
From reference 26, we f i n d  t h e  u s e f u l  i d e n t i t y  
(AS) 
I 
(x2  < 1 )  k (2k - l ) !  2k X 2 ln(1 + V1 + x2J = In 2 - ( -1 )  2k 
k= 1 2 (k!) 
L e t t i n g  x = i o  
i d e n t i t y  as 
t o  introduce a negat ive s i g n  under the  square root, we may write t h e  
OD 
42k k=l 2 (k! )  2 
(2k - l ) !  = 1 n 2 - C  2k 
B y  s u b s t i t u t i o n  of equat ion (A61 i n t o  ( A S ) ,  
OD OD 
+2k 
(2k - 111  +2k] = c (2k - l ) !  
2k 2 k=l 2 (k!) 2 k=l 2 (k! )  
2 
l n ( 1  + a 1 = I n  2 - I n  2 - 
2k 
Since 
OD 
0 $lo + ... = a 1 2  3 5 +2k = 4 $ + - 44 + 96 $6 + - 32 1024 
t h i s  shows t h a t  
2 l n ( l + a )  - a  r O  
0 
Thus, t h e r e  i s  no 
P = 0. 
( s i n  x) /x  term because of t h e  echo i n  t h e  p o w e r  cepstrum a t  
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APPENDIX B 
AMPLITUDE OF ECHO CEPSTRUM AT 
The d e r i v a t i o n  i n  t h i s  appendix is  intended to  prove equation ( 1 5 ) :  
'I = te 
I n  t h i s  series, the f i r s t  f r a c t i o n  ( 1 / ( 2 j  - 1 ) )  r e s u l t s  from the  logarithm expansion 
and the  second f r a c t i o n  ( ( 2 1  - 1)! / [22j '2( j  - l ) ! j ! l )  r e s u l t s  from the expansion f o r  
powers of the cos ine  funct ion,  as discussed i n  s e c t i o n  2 .  
For values  of $I < 1 .O, the series f o r  al converges to t h e  q u a n t i t y  2a. To 
prove this, we s ta r t  by r ewr i t i ng  2a i n  terms of $I using equation ( A 3 ) :  
The problem now is to  prove t h a t  equation ( B 1 )  converges to  equation ( 1 5 ) :  
The r i g h t  s i d e  of equation (B2) may be rewr i t t en  as a series, with the binomial 
expansion f o r  J Z ,  as 
1 1  1 1 3  6 + 1 1 2 5  8 ,  
2 4  2 4 6 '  2 4 6 8 '  * * *  
with the fol lowing d e f i n i t i o n s ,  
( - l ) ! !  = 1 
( 2 j  + I ) ! !  = 1 3 5 ... ( 2 j  + 1 )  
( 2 1 ) ! !  = 2 4 6 ... ( 2 j )  
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equat ion (B3) may be rewr i t t en  i n  the condensed form as 
L', i i j =1 
By induct ion  it can be shown that 
or that  
- (2j - 3 ) ! !  - (2j - 2)! 
22j-l (2j)!! (j - 1)!j! 
as follows: Step 1 i s  to  show that equat ion (B5) is t r u e  for j = 1 : 
which r e s u l t s  i n  
1 1  
2 2  
- = -  
Step  2 is to  assume equat ion (B5) is t r u e  f o r  j = k and t o  show it is t r u e  f o r  
j = k + l .  
which reduces to 
- (2k - 1)(2k - 3 ) ! !  - (2k)! 
22k+1k! (k + l)! (2k + 2)(2k)!! 
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With equation (B5), the above expression is rewritten as  
- (2k - 1)(2k - 2 ) !  - 2(k)! 
2k- 1 
22k+1k!(k + l ) !  (2k + 212 (k - l)!k! 
which read i ly  reduces to 
2 
22k(2k + 2) 
- -  - 2 
22k(2k + 2) 
Thus, 
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SYMBOLS 
c o e f f i c i e n t s  of cepstrum echo peaks f o r  one-echo case ( n  = 0, 1 ,  2, ... ) 
amplitude envelope of he l i cop te r - ro to r  harmonic tones (nfBp) 
power cepstrum, inve r se  Fourier  transform of logarithm of p o w e r  spectrum 
ed i t ed  power ceps trum 
power cepstrum of g ( t )  
frequency, Hz 
blade-passage frequency of he l i cop te r - ro to r  a c o u s t i c  s i g n a l ,  equal  t o  
number of rotor blades t i m e s  s h a f t  r o t a t i o n  frequency, Hz 
fundamental tone frequency , Hz 
Nyquist frequency, Hz 
Fourier transform of d i r e c t  s i g n a l  g ( t )  
general  func t ion  of d i r e c t  s i g n a l  
Fourier transform of t r a n s f e r  func t ion  of echo process 
impulse response func t ion  of echo process  
imaginary part of complex conjugate 
power of example exponent ia l  func t ions  
Fourier transform of noise  func t ion  n ( t )  
noise func t ion  
r a t i o  of Xe(f) t o  x d ( f )  
au tocor re l a t ion  func t ion  
he l i cop te r - ro to r  broadband noise  s i g n a l  
period of t i m e  series used i n  Fourier  a n a l y s i s ,  sec 
t i m e ,  s ec  
echo delay t i m e  of one-echo s i g n a l ,  sec 
period of tone frequency, sec 
echo delay t i m e  of f i rs t  echo i n  two-echo s i g n a l ,  sec 
echo delay t i m e  of second echo i n  two-echo s i g n a l ,  sec 
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I  
I 
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I , 
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I 
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I 
I 
i 
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i 
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I 
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I 
X ( f  1 Four ie r  t ransform of x ( t )  
x d ( f )  Four ie r  t ransform of d i r e c t  s i g n a l  x ( t )  
X e ( f  1 Four ie r  t ransform of echoed signal x ( t )  
x(  t) gene ra l  func t ion  of t i m e  
a amplitude ra t io  of f i r s t  echo to  d i r e c t  s i g n a l  
B amplitude r a t i o  of second echo t o  direct  s i g n a l  
T quef rency, sec 
2a 
l + a  
- 0 2 
Subscr ip ts :  
av9 averaged q u a n t i t y  
r real p a r t  of complex v a r i a b l e  
A s u p e r s c r i p t  a s t e r i s k  * i n d i c a t e s  a complex conjugate.  
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sin[ (rite + T ) ~ I T ~ ~ ]  
f a  N n (nt, + - r )2TfN 
I 
1 
I 
34 
C 
sin[(nt - - r )2r fN]  e f a  
N 
N n (rite - T)Z.rrf 
J J 
te 2te 3te T -3te -2te -t e 0 
Figure 1.- Model of p o w e r  cepstrum of genera l  random s i g n a l  with one i d e a l  echo. 
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Figure 2.- Exponential signal without echo. 
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(c) Power cepstrum. 
Figure 2.- Concluded. 
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Figure 3.- Exponential  s i g n a l  with one i d e a l  echo ( a  = 0.5 
and te = 9.0018 sec). 
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Figure 3.- Continued. 
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Figure 3.- Concluded. 
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Figure 4.- Exponential signal with two ideal echoes ( a  = 0.5, 
t, = 0.0018 sec, B = 0.2, and t2 = 0.0068 sec). 
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( d )  Reconstructed power spectrum. 
Figure 4 .- Concluded. 
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Figure 5.- Exponential s i g n a l  with one i d e a l  echo ( a  = 0.5 
and te = 0.0018 sec)  and 60 dB of a d d i t i v e  noise .  
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( d )  Reconstructed power spectrum. 
Figure 5.- Conciuded. 
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F i g u r e  6.- E x p o n e n t i a l  s i g n a l  w i t h  one i d e a l  echo  ( a  = 0.5 
and te = 0.0018 sec) and 48 dB of a d d i t i v e  n o i s e .  
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Figure 6. - Concluded. 
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F i g u r e  7.- Exponential  s i g n a l  f o r  k = 20 000 with one 
te = 0.0018 sec) and 48 dB i d e a l  echo ( a  = 0.5 
of a d d i t i v e  noise .  
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Figure 7.  - Concluded. 
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Figure 8.- Impulsive s i g n a l  with one echo. 
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(d) Power spectrum of direct  plus echoed signal. 
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Figure 9.- Correct ion of contaminated d a t a  of f i g u r e  8(a). 
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Figiire 9. - Concluded. 
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Figure 10.- Pe r iod ic  s i g n a l  without  echo. Off-harmonic 
l e v e l  is source r e l a t e d .  f f  = 5 Hz. 
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Figure 11.- Periodic signal with one ideal echo ( a  = 0.5 and 
t, = 0.7 sec) for source-related off-harmonic level. 
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Figure 12.- Periodic signal with one ideal echo ( a  = 0.5 
and te = 0.07 sec) for no off-harmonic energy. 
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Figure 13.- Per iod ic  s i g n a l  with one i d e a l  echo ( a  = 0.5 
and te = 0.29 sec) f o r  no off-harmonic energy. 
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Figure 14.- Periodic  s i g n a l  with one i d e a l  echo ( a  = 0.5 
and 
leve l .  
te = 0.07 sec )  fo r  non-source-related off-harmonic 
57 
Jveraii ievei 
105 
90 
Level, dB 85 
70 
::: 1
1.2 
- 
1 120 140 
Frequency, Hz 
(a) Power spectrum. 
1 I 
Power 
cepstruml2f 
0.8 leO I 
-0.2 
11 ' 
I '  " i l l I I I 1 '  
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 
Quefrency, seconds 
(b) Power cepstrum. 
Figure 15.- Periodic signal with one ideal echo ( a  = 0.5 
and 
level. 
te = 0.29 sec) for non-source-related off-harmonic 
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Figure 16.- Model-scale he l i cop te r - ro to r  a c o u s t i c  d a t a  f o r  v e l o c i t y  
of 60 knots ,  r o t o r  angle  of a t t ack  of 2 O ,  and r o t o r  t h r u s t  
c o e f f i c i e n t  cf 0.007. fgp = !00 Uz; micrqhone  3. 
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Figure 16.- Continued. 
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Figure 16.- Concluded. 
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Figure 17.- Model-scale helicopter-rotor acoustic data for  velocity 
of 55 knots, rotor angle of attack of 6 O ,  and rotor thrust  
coefficient of 0.007. fgp = 100 Hz; microphone 2. 
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Figure 17 . -  Continued. 
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Figure 18.- Coefficient-averaged helicopter-rotor data 
of figure 16. 
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